Let R be a commutative Noetherian ring with non-zero identity, a an ideal of R, M a finite R-module, and n a non-negative integer. In this paper, for an arbitrary R-module X which is not necessarily finite, we study the finiteness dimension f a (M, X) and the n-th finiteness dimension f n a (M, X) of M and X with respect to a. Assume that Ext
Introduction
Throughout R is a commutative Noetherian ring with non-zero identity, a is an ideal of R, M and N are finite (i.e., finitely generated) R-modules, X and Y are arbitrary R-modules which are not necessarily finite, and n is a non-negative integer. For basic results, notations, and terminology not given in this paper, readers are referred to [1, 2, 3] .
Grothendieck, in [4] , proposed the following conjecture.
Another important problem in local cohomology is to investigate finiteness of local cohomology modules (see [6, Problem 2] ). The following theorem is an important result in local cohomology and known as Faltings' Local-global Principle for the finiteness of local cohomology modules (see [7, Satz 1] or [1, Theorem 9.6.1]). with the usual convention that the infimum of the empty set is interpreted as ∞. Bahmanpour et al., in [8] , introduced the notion of the n-th finiteness dimension of N with respect to a by f n a (N ) = inf{f aRp (N p ) : p ∈ Spec(R) and dim R (R/p) ≥ n} and proved that H i a (N ) is an a-cofinite R-module for all i < f 2 a (N ) and Hom R (R/a, H f 2 a (N ) a (N )) is a finite R-module (see [8, Theorem 3.2] ). They also obtained that Recall that an arbitrary R-module X is said to be minimax (resp. weakly Laskerian) if there exists a finite submodule X ′ of X such that X/X ′ is Artinian [9] (resp. the set of associated prime ideals of any quotient module of X is finite [10] ). Also, in [11, Theorem 2.5], Asadollahi and Naghipour showed that if R is a complete local ring, then
In [12, Theorem 2.10], Mehrvarz et al., obtained this result without the condition that R is a complete local ring. Recall that X is said to be an FD <n R-module if there exists a finite submodule X ′ of X such that dim R (X/X ′ ) < n (see [13, 
]).
Note that X is a finite R-module if and only if X is an FD <0 R-module. Also if X is a minimax (resp. weakly Laskerian) R-module, then X is an FD <1 (resp. FD <2 ) R-module (see [13, Lemma 2.3] ).
The n-th generalized local cohomology module of X and Y with respect to a
Finiteness dimensions
The following lemma is needed in the proof of the main result of this section.
Lemma 2.1. Let X be an a-torsion R-module such that (0 : X a) is an FD <n R-module and X p is a finite R p -module for all p ∈ Spec(R) with dim R (R/p) ≥ n. Then X is an FD <n R-module.
Proof. Suppose, on the contrary, that X is not an FD <n R-module and seek a contradiction. Let
Thus A 1 is a non-empty and finite set because Ass R (X) = Ass R ((0 : X a)) and (0 : X a) is an FD <n R-module. By assumption and for all p ∈ A 1 , X p is a finite R p -module and so there exists a finite submodule
dim R (R/p) ≥ n} and a 2 = p∈A 2 p. Also, from the exact sequence
and [13, Lemma 2.3(v) ], (0 : X/N 1 a) is an FD <n R-module. Thus A 2 is a finite set and so a 1 a 2 . Since X is not an FD <n R-module, dim R (X/N 1 ) ≥ n. Note that X/N 1 is an a-torsion Rmodule, (0 : X/N 1 a) is an FD <n R-module, and (X/N 1 ) p is a finite R p -module for all p ∈ Spec(R) with dim R (R/p) ≥ n. Thus, using the above method, there exists a finite submodule N 2 (⊇ N 1 ) of X such that A 2 ∩ A 3 = ∅ and a 2 a 3 , where A 3 = {p ∈ Ass R (X/N 2 ) : dim R (R/p) ≥ n} and
Proceeding in the same way, there is an ascending chain of ideals of Noetherian ring R,
which is not stable. This contradiction shows that X is an FD <n R-module.
Now we are prepared to state and prove the main result of this section which shows that, for a non-negative integer t and in the case that Ext
is a locally finite R-module for certain prime ideals and for all i ≤ t. Theorem 2.2. Let M be a finite R-module, X an arbitrary R-module, and t a non-negative integer such that Ext i R (R/a, X) is an FD <n R-module for all i ≤ t. Then the following statements are equivalent:
Proof. (i)⇒(ii). Assume that p is an element of Spec(R) such that dim R (R/p) ≥ n and i is an integer such that i ≤ t. Since H i a (M, X) is an FD <n R-module, there exists a finite submodule
We prove by using induction on t. Let t = 0. Since Hom R (R/a, Γ a (M, X)) is an FD <n R-module from [ 
is an FD <n R-module from Lemma 2.1.
As an immediate application of the above theorem, the following corollary generalizes and improves [7 
Proof. Apply Theorem 2.2 with n = 0.
In the following, for an arbitrary R-module X which is not necessarily finite, we introduce extensions of the notions f a (M, X) and f n a (M, X) (see [17, Definition 2.3] ).
Definition 2.4. Let M be a finite R-module, X an arbitrary R-module (not necessarily finite), and n a non-negative integer. We set
and dim R (R/p) ≥ n} which are called finiteness dimension and n-th finiteness dimension of M and X with respect to a, respectively. When M = R, we write f a (X) = f a (R, X) and f n a (X) = f n a (R, X) which are called finiteness dimension and n-th finiteness dimension of X with respect to a, respectively. Thus
The next result improves [17, Theorem 2.4].
Corollary 2.5. Let M be a finite R-module and X an arbitrary R-module such that
Proof. This follows from Theorem 2.2.
In the following corollary, we generalize and improve [1, 9.6.2].
Corollary 2.6. Let M be a finite R-module and X an arbitrary R-module such that
Proof. Take n = 0 in Corollary 2.5.
We have the following corollaries for the ordinary local cohomology modules.
Corollary 2.7. Let X be an arbitrary R-module and let t be a non-negative integer such that
Then the following statements are equivalent:
Proof. It follows from Theorem 2.2. 
Proof. This follows from Corollary 2.5.
Proof. It follows from Corollary 2.6.
3 The first finiteness dimension and cofiniteness of generalized local cohomology modules Lemma 3.1. Let M be a finite R-module, X an arbitrary R-module, and s, t non-negative integers such that
is an a-cofinite R-module for all i < t, and
Proof. We prove by using induction on s. (ii) If Ext
are finite.
Proof. This follows from Theorems 2.2 and 3.2.
In the second main result of this section, we generalize and improve [8, Proposition 2.2].
Theorem 3.4. Let M be a finite R-module, X an arbitrary R-module, and t a non-negative integer such that Ext i R (R/a, X) is finite for all i ≤ t. Then the following statements are equivalent:
is a finite R p -module for all p ∈ Spec(R) with dim R (R/p) ≥ 1 and for all i ≤ t.
Proof. (i)⇒(ii). This is clear.
(ii)⇒(i). Assume that i is an integer such that i ≤ t. Since H 
Proof. Follows from Theorem 3.4.
For the ordinary local cohomology modules, we get the following results. 
(R/a, X) are finite R-modules and Y is an FD <1 R-
are finite when Ext
Proof. This follows from Corollary 3.3. 
Proof. It follows from Theorem 3.4. 
Proof. Follows from Corollary 3.5.
4 The second finiteness dimension and cofiniteness of generalized local cohomology modules Lemma 4.1. Let M be a finite R-module, X an arbitrary R-module, and s, t non-negative integers such that
Proof. Proof. It follows from Theorem 4.2, the long exact sequences The next corollary generalizes and improves [8, Proposition 3.7] . Note that in our result, R is not necessarily semi-local.
Proof. For all
Corollary 4.7. Let M be a finite R-module and X an arbitrary R-module such that Ext
Proof. Follows from Theorem 4.6.
For the ordinary local cohomology modules, we have the following results. 
